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Abstract 
A kernel N of a digraph D is an independent set of vertices of D such that for every 
w E V(D)\N there exists an arc from w to N. A digraph D is complete if for every two 
vertices u, v E V(D) at least one of (u, v) E A(D) or (v, u) E A(D) holds. The covering number 
of a digraph D, denoted by O(D) is the minimum number of complete subdigraphs of D that 
partition V(D). 
Let D be a digraph with 0(D)~<3 such that every directed triangle is symmetrical. In this 
paper we prove the following two results: 
(1) If every directed cycle of length 5 has three symmetrical rcs, then D has a kernel. 
(2) If every directed cycle of length 5 has two diagonals, then D has a kernel. 
1. Introduction 
For general concepts we refer the reader to [1]. 
Let D be a digraph; V(D) and A(D) will denote the sets of vertices and arcs of D, 
respectively. If Sj, $2 C V(D), the arc (u i, u2) of D will be called an S1S2-arc whenever 
ul ~ $1 and u2 E $2; and D[SI] will denote the subdigraph induced by SI. An arc 
(ul,u2) cA(D)  is called asymmetrical (resp. symmetrical) if (u2, ul) ~ A(D) (resp. 
(u2, ul )EA(D)). The asymmetrical part of D (resp. symmetrical part of D), which is 
denoted by Asym(D) (resp. Sym(D)), is the spanning subdigraph of D whose arcs are 
the asymmetrical (resp. symmetrical arcs of D). Let C = (1,2 . . . . .  m, 1) be a directed 
cycle of D. We denote by l(C) its length. C is said to be symmetrical if each one of 
its arcs is symmetrical. For i C j  and i,j E V(C) we denote by (i, C,j) the /j-directed 
path contained in C and we denote by l(i, C,j) its length, f = ( i , j )E A(D)\A(C) is 
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a diagonal of C if and only if iCj ,  i, j E  V(C) and l(i, C,j) = length of f < l(C) - 1. 
The set I C_ V(D) is independent if A(D[I]) = ~. A kernel N of D is an independent 
set of vertices uch that for each z E V(D)\N there exists a zN-arc in D. A digraph D 
is called: (1) kernel-perfect if every proper induced subdigraph of D has a kernel, (2) 
critical kernel-imperfect if D has no kernel but every proper induced subdigraph of D 
has a kernel. 
A digraph D is complete if for every pair of different vertices u, v E V(D), {(u, v), 
(v,u)} N A(D)¢  ~. The covering number of D, denoted by O(D), is the minimum 
number of complete subdigraphs of D that partition V(D). 
Digraphs with covering number 1, i.e., complete digraphs, were considered by Berge 
[2]; he obtained a characterization f kemel-perfect digraphs with covering number 1 
as follows. 
Theorem 1.1 (Berge [2]). A complete digraph is kernel-perfect if and only if each 
directed cycle has a symmetrical arc. 
In [4] Maffray proved the following result. 
Theorem 1.2 (Maffray [4]). I f  D is a complete digraph such that each directed cycle 
of length 3 has two symmetrical arcs, then D is a kernel-perfect digraph, 
In [3] Blidia et al. considered igraphs whose complement (of the underlying undi- 
rected graph) is a strongly perfect digraph (i.e., each induced subgraph of the under- 
lying undirected graph has an independent set which intersects each of its maximal 
cliques); they proved. 
Theorem 1.3 (Blidia, Duchet and Maffray [3]). Let D be a digraph whose comple- 
ment is strongly perfect. I f  every complete induced subdigraph of D is kernel-perfect, 
then D is a kernel-perfect digraph. 
Since every bipartite digraph is strongly perfect, we have the following consequence 
of Theorems 1.2 and 1.3. 
Theorem 1.4. I f  D is a digraph with 0(D)~<2 such that each directed cycle of length 
3 has two symmetrical arcs, then D is kernel-perfect. 
In this paper we consider digraphs D with covering number at most 3, such that 
each directed cycle of length 3 is symmetrical (its three arcs are symmetrical). We 
prove the following results. 
(1) If each directed cycle of length 5 has three symmetrical rcs, then D is kernel- 
perfect. 
(2) If each directed cycle of length 5 has two diagonals, then D is kernel- 
perfect. 
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2. Proofs of main results 
First we prove the following technical emmas which will be used in the following. 
Lemma 2.1. Let D be a digraph, DI and D2 be btduced subdigraphs of D such that 
V ( D ) = V ( D1 )U V(D2), Dl is kernel-perfect and D2 has a kernel N2. I f  each vertex  
of D1 satisfies at least one of the following two conditions: there exists an xN2-arc, 
or {x} U N2 is independent, then D has a kernel. 
Proof. If I :- {x E V(D1 )IN2 U {x} is independent} = 0, then it follows from the 
hypothesis of Lemma 2.1 that for each vertex x E V(D~ ) there exists an xN2-arc and 
then N2 is a kernel of D. 
I f /C0 ,  let Nl be a kernel of Dl[I]; in this case N1 UN2 is a kernel of D. [] 
Lemma 2.2. Let D be a digraph, D1 and D2 be induced subdigraphs of D with 
V(D) = V(DI)U V(D2), D1 a kernel-perfect digraph Nl C__ V(D1) be such that for 
each y E V(DI )\NI there exists a yNi-arc in D1, and N2 a kernel of D2 such that 
for each x E Nl and for each y ¢ N2, (x, y) C A(D). I f  each directed triangle of D is 
symmetrical, then D has a kernel 
Proof. We will prove that for each x¢ V(DI ) at least one of the following two con- 
ditions holds: there exists an xN2-arc, or {x} U N2 is independent. It follows from the 
hypothesis of Lemma 2.2 that we can assume x q~ N1. We proceed by contradiction. 
Suppose that there exists y E V(D1 )\Nl such that there is no yN2-arc and {y} U N2 is 
not independent. It follows that there exists z E N2 such that (z, y)E Asym(D). Since 
y ¢ V(D1)\Nj, there exists w E N1 such that (y ,w)E  A(D). So, we have a directed 
triangle (w,z,y,w) which is not symmetrical, a contradiction. 
Then, it follows directly from Lemma 2.1 that D has a kernel. [] 
Theorem 2.1. Let D be a digraph with 0(D)~<3 such that every directed cycle of 
length 3 is symmetrical. I f  every directed cycle of length 5 has three symmetrical 
arcs, then D is a kernel-perfect digraph. 
Proof. We proceed by contradiction. Suppose that the assertion of Theorem 2.1 is false 
and let D be a digraph with the hypothesis of Theorem 2.1 which has no kernel but 
every proper induced subdigraph of D is kernel-perfect. I  follows from Theorems 1.2 
and 1.4 that we can assume that O(D) = 3. 
Let Ko, K1,K2 be complete induced subdigraphs of D such that V(D) = V(Ko)U 
V(KI) U V(K2). Define an absorbing order in V(Ki) iE {0, 1,2} as follows: V(Ki) = 
{(i,0),(i, 1),(i, 2),...,( i ,  ni)} where (i,0) is a kernel of Ki and (i,j) is a kernel of 
Ki\{(i,0) .... , ( i , j -  1)}. 
Let (xo,xl,x2) be a triple such that {xi} is a kernel of K,.. We continue the proof of 
Theorem 2.1 by considering several cases of D[{xo,xl,x2}]. 
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Case 1: D[{xo,xl,x2}] ~D1, where V(DI) = {Xo,Xl,X2} and A(DI) = {(xo,xl)}. 
(i.1) There exists a vertex x3 E V(Ko) such that (x3,x~)~ A(D), (xl ,x3)~ A(D), 
(x2, x3 ) E Asym(D) and (y, xl ) E A(D) for each y E Ko with y < x3. 
Since {Xl,X2} is a kernel ofD[V(K1 )U V(K2)] and Ko is a kernel-perfect digraph, it 
follows from Lemma 2.1 (and our assumption that D has no kernel) that there exists a 
vertex y EKo such that {y, xj,x2} is not independent and there is no y{x~,x2}-arc in D. 
Let x3 be the first such vertex in Ko. Since {x3,xl,x2} is not independent and there 
is no x3{x~,x2}-arc in D, it follows that there exists an {xl,x2}x3-arc in Asym(D). I f  
(Xl,X3) E Asym(D), then (xl,x3,xo,xl) is a directed triangle with two asymmetrical rcs, 
contradicting the hypothesis of Theorem 2.1. So, (xz,x3) E Asym(D), (x3,xl) ~ A(D) 
and (xl, x3) ~A(D). 
Now, the choice of x3 implies that for each y E Ko with y < x3, at least one 
of the following two assertions holds: {y,x~,x2} is independent, or there exists an 
y{xl,x2}-arc. 
If there exists y E Ko with y < x3 such that {y, xl,x2} is independent, hen taking 
Yo the first such a vertex we have that {yo,xl,x2} is a kernel of D, contradicting our 
assumption. 
Hence, the choice of x3 implies that there exists an y{xl, x2 }-arc for every y E Ko with 
y <x3. If (y, x2)EA(D) for yEKo with y <x3, then (y, x2,x3,y) is a directed triangle 
with at least one asymmetrical rc, which contradicts the hypothesis of Theorem 2.1. 
Hence (y, x2)~A(D) and (y, xl)EA(D) for each yEKo with y <x3. 
(i.2) There exists a vertex x4 E V(K2) such that (x3,x4) ~ A(D), (xa,x3) ~ A(D), 
(xl,x4)EAsym(D) and (y, x3)EA(D) for each yE V(K2) with y <x4. 
It follows from (1.1) that {x3,xl } is a kernel of D[ V(Ko)U V(K1 )], and the choice of 
D implies that K2 is a kernel-perfect digraph. So, it follows from Lemma 2.1 (and our 
assumption that D has no kernel) that there exists a vertex y EK2 such that {y, x3,x~ }
is not independent and there is no y{x3,xl}-arc in D. Let x4 be the first such vertex 
in K2. Since {x4,x3,xl} is not independent and there is no x4{x3,xl}-arc in D, it 
follows that there exists an {x3,xl}x4-asymmetrical-arc in D. If (x3,x4)E Asym(D), 
then (x3,x4,xz,x3) is a directed triangle with two asymmetrical rcs, contradicting the 
hypothesis of Theorem 2.1. So, we conclude that (x4,x3)~A(D), (x3,x4)~_A(D) and 
(xl,x4) E Asym(D). Now the choice of x4 implies that for each y E/£2 with y < x4, 
at least one of the two following assertions holds: {y, xj,x3} is independent, or there 
exists an y{xl,x3}-arc. 
If there exists y ¢/£2 with y < x4 such that {y, xl,x3} is independent, hen taking 
Yo the first such a vertex we have that {yo,xl,x3} is a kernel of D, contradicting our 
assumption on D. 
Hence, the choice of x4 implies that there exists an y{xl,x3}-arc in D, for every 
yEK2 with y <x4. If  (y, xl)EA(D), then (Xl,X4, y, xl) is a directed cycle of length 3 
with at most one symmetrical rc, contradicting the hypothesis of Theorem 2.1. Thus, 
(y, x3)EA(D) for each yEK2 with y <x  4. 
(i.3) There exists a directed cycle of length 5 contained in D with at most two 
symmetrical rcs. 
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It follows from (i.1) and (i.2) that (xo,xl,x4,x2,x3,xo) is a directed cycle with 
{(x0, xl ), (xl, x4), (x2, x3 )} C_ Asym(D). Then, Proposition (i.3) contradicts our hypothe- 
sis of Theorem 2.1. 
Case 2: D[{xO,xI,x2}] ~ D2, where V(D2) • {xO,Xl,X2} and A(D2) = {(x0,xl), 
(xl,x0)}. 
(ii.1) There exists a vertex x3 E V(Ko) such that (x3,xl) ~A(D), (xl,x3) q~ A(D), 
(x2,x3)EAsym(D) and (y, xl)EA(D) for each yEKo with y <x3. 
Notice that {Xl,X2} is a kernel of D[V(K1) tj V(K2)] and Ko is a kernel-perfect 
digraph, and then proceed exactly as in the proof of (i. 1 ). Now proceeding as in (i.2), 
it can be proved. 
(ii.2) There exists a vertex x4 E V(K2) such that (Xa,X3) ~ A(D), (x3,x4) ~ A(D), 
(xl,x4)EAsym(D) and (y, x3)EA(D) for each yEK2 with y <x4. 
(ii.3) {x3} is a kernel of Ko and {x4} is a kernel of K2. 
It follows from (ii. 1) and (ii.2) that (x3,xo,xl,x4,xz,x3) is a directed cycle of length 
5 with {(xi,x4),(x2,x3)} C_Asym(D). Hence the hypothesis of Theorem 2.1 implies 
{(x3, xo), (x2, x4)} C_ Sym(D). Now (ii.3) will follow from the next assertion. 
(ii.3.1) I f  yEV(Ki), (y, xi)~Sym(D) and {xi} is a kernel of Ki, then {y} is a kernel 
of Ki, for iE{0,1,2}.  
Let zE V(Ki) with z < y. Since {xi} is a kernel of K i, we have (z, xi)EA(D), and 
z < y implies (y,z)~A(D). Hence (y,z, xi, y) is a directed triangle contained in D; so 
(z,y)CA(D). 
We conclude Case 2 by considering the triple (x3,xl,x4). We have from (ii.3) that 
{x3} is a kernel ofKo,  {xl} is a kernel of Ki and {x4} is a kernel of K2; moreover, 
(i i. l) and (ii.2) imply D[{x3,xl,X4}] TM D1. So, we can proceed as in Case 1 by taking 
X0 z X3 and X 2 ~ X 4. 
Case 3: D[{xo,Xl,X2}] has a vertex with indegree two in D[{xo,xl,x2}]. 
Without loss of generality, we can assume that {(xo,xl ), (x2,xl)} C_A(D). Since {xi} 
is a kernel of K,., it follows from Lemma 2.2 that D has a kernel, contradicting our 
assumption on D. 
Case 4: D[{xo,xl,x2}] has a vertex with outdegree two (and in view of Case 3, no 
vertex with indegree two) in D[{xo,xl,x2}]. 
We can assume without loss of generality that {(xl,xo),(xl,x2)} C A(D[{xo,xl,x2}]), 
(Xo,X2) ~A(D) and (x2,xo) £A(D). 
So, {xo,x2} is a kernel of D[V(Ko)U V(K2)]; and we will prove that for each yE  
V(KI ) at least one of the two following propositions holds: {y, xo,x2} is independent, 
or there exists an y{xo,x2}-arc in D. By contradiction, suppose that there exists a vertex 
yc  V(KI) such that {y, xo,x2} is not an independent set and there is no y{xo,x2}-arc 
in D. Then there exists an {xo,x2}y-asymmetrical-arc in D. If  (Xo, y) E Asym(D), then 
(Xo, y, xl,xo) is a directed triangle with at least one asymmetrical arc, a contradiction. 
I f  (x2,y)E Asym(D), then (x2, y, xl,x2) is a directed triangle of D with at least one 
asymmetrical arc, a contradiction. 
Hence, {x0,x2} is a kernel of D[V(Ko) tA V(K2)] and for each y E V(KI) at least 
one of the following two assertions holds: {y, xo,x2} is independent, or there exists an 
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y{xo,x2}-arc. And as K1 is a kernel-perfect digraph, it follows from Lemma 2.1 that 
D has a kernel, contradicting our assumption on D. 
Case 5: D[{xo,xl,x2}] ~- D5 with V(Ds)= {xo,xl,x2) and A(D)= {(xo,xl),(Xl,X2)}. 
(v.1) There exists a vertex x3 E V(K1) such that (xz,x3)f~A(D), (x3,x2)f~A(D), 
(Xo,X3) E Asym(D) and for each y E V(KI ) with y < x3, (y, x2) EA(D). 
Since {xo,x2} is a kernel ofD[V(Ko)U V(K2)] and KI is a kernel-perfect digraph, it 
follows from Lemma 2.1 (and our assumption that D has no kernel) that there exists a 
vertex yE V(KI) such that {y, xo,x2} is not independent and there is no y{xo,x2}-arc. 
Let x3 be the first such a vertex in K~. 
Since {x3,xo,x2} is not independent and there is no x3{xo,x2}-arc, there exists an 
{xo,xz}x3-asymmetrical-arc in D. If (x2,x3) E Asym(D), then (x2,x3,xl,x2) is a di- 
rected triangle with at least two asymmetrical rcs, contradicting the hypothesis of 
Theorem 2.1. Hence, (xo, x3 ) E Asym(D), (x2, x3) ~ A(D) and (x3, x2) ~ A(D). Now, the 
choice of x3 implies that for each yEV(KI ) with y <x3, at least one of the following 
two assertions holds: {y, xo,x2} is independent, or there exists an y{xo,xz}-arc in D. If 
there exists yEK1 with y <x3 such that {y, xo,x2} is an independent set, then taking 
Yo the first such a vertex we have {yo,xo,x2} is a kernel of D, contradicting our as- 
sumption on D. Hence, there exists an y{xo, x2}-arc for every y E V(KI) with y < x3. 
If (y, xo)EA(D) for y E V(KI) with y < x3, then (y, xo,x3,y) is a directed triangle 
with at least one asymmetrical rc, contradicting the hypothesis of Theorem 2.1. So, 
(y, xz)EA(D) for each yE V(KI) with y <x3. 
(v.2) There exists a vertex x4 E V(Ko) such that (x4,x3)~A(D), (x3,x4)q~A(D) and 
(x2, x4 ) E A sym(D ). 
It follows from (v.1) that {x3,x2} is a kernel of D[V(KI)U V(K2)], and the choice 
of D implies Ko is a kernel-perfect digraph. So, proceeding in a similar way as in the 
proof of (ii.2), we can prove (v.2). 
(v.3) There exists a directed cycle of length 5 contained in D with at most two 
symmetrical rcs. 
It follows from (v.1) and (v.2) that (x4,xo,x3,xl,x2,x4) is a directed cycle of length 
5 contained in D with {(xo, x3 ), (xl, x2 ), (x2,x4)} C Asym(D). 
Clearly, (v.3) contradicts the hypothesis of Theorem 2.1. 
Case 6: A(O[{xo,xl,x2}]) = ~. 
In this case, {xo,x~,x2} is a kernel of D, contradicting our assumption on D. [] 
Theorem 2.2. Let D be a digraph with 0(D)~<3 such that every directed cycle of 
length 3 is symmetrical. I f  every directed cycle of length 5 has a symmetrical diagonal, 
then D is a kernel-perfect digraph. 
Proof. Proceed exactly as in the proof of Theorem 2.1; observing that: in Case 1 it fol- 
lows from (i.1) and (i.2) that the only possible diagonals of the directed 
cycle of length 5, (X3,Xo,Xl,X4,X2,X3) are  (x0,x4) and (x4,x0); now the hypothesis of 
Theorem 2.2 implies (x0,x4) E Sym(D) and then (xo,xl,xa,xo) is a directed triangle 
with two asymmetrical rcs, contradicting the hypothesis of Theorem 2.2. In Case 2, 
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it follows from (ii.1) and (ii.2) that the only possible diagonals of the directed cycle 
of length 5, (X3,Xo,Xl,Xa,X2,X3) are (x0,x4) and (x4,x0). Hence, it follows from the hy- 
pothesis of Theorem 2.2 that (x0,x4)E Sym(D). So, (x4,xo,xl,x4) is a directed triangle 
with one asymmetrical rc, namely (xl,x4), contradicting the hypothesis of Theorem 
2.2. Cases 3 and 4 are the same as in the proof of Theorem 2.1. In Case 5, notice 
that (v.1) and (v.2) imply that 7 = (xa,xo, x3,xl,x2,x4) is a directed cycle of length 5 
contained in D whose only possible diagonals are {(x0,xl),(x4,xl),(xl,x4)}. We will 
prove that (x4,xl)q~A(D) and (xl,x4)~A(D), hence the only possible diagonal of 7 
will be (Xo,Xl) which is asymmetrical, getting a contradiction. 
First, (x4,xl)~A(D). By contradiction, suppose that (xa,xl)EA(D). Then, it follows 
from (v. 1 ) and (v.2) that (xl ,x2,x4,xl ) is a directed triangle with two asymmetrical rcs, 
contradicting the hypothesis of Theorem 2.2. If (xl,x4)EA(D), then (v.1) and (v.2) 
imply that (xl,xa,xo,xl) is a directed triangle with an asymmetrical rc, contradicting 
the hypothesis of Theorem 2.2. [] 
Theorem 2.3. Let D be a digraph with O(D)<<.3 such that every directed cycle of 
length 3 is symmetrical I f  every directed cycle of length 5 has two diagonals, then 
D is a kernel-perfect digraph. 
Proof. Proceed exactly as in the proof of Theorem 2.1; observing that in Case 1, it 
follows from (i.1) and (i.2) that the only possible diagonals of the directed cycle of 
length 5, (X3,Xo,Xl,X4,Xz,X3) are (x0,x4) and (x4,x0); the hypothesis of Theorem 2.3 
implies {(x0,x4), (x4,x0)} C_A(D) and then (x4,xo,xl,x4) is a directed triangle with two 
asymmetrical rcs, contradicting the hypothesis of Theorem 2.3. In Case 2, it follows 
from (ii.1) and (ii.2) that the only possible diagonals of the directed cycle of length 5, 
(x3, Xo,Xl, x4, x2, x3 ) are (x0, X4 ) and (X4, X 0). So,  the hypothesis of Theorem 2.3 implies 
{(x0, x4), (x4,x0)} C A(D). Now (x4,xo,xl, x4) is a directed triangle with one asymmetri- 
cal arc, namely (Xl,X4), contradicting the hypothesis of Theorem 2.3. Cases 3 and 4 are 
the same as in the proof of Theorem 2.1. In Case 5, notice that (v.1) and (v.2) imply 
that 7 = (x4,xo,x3,xl,x2,x4) is a directed cycle of length 5 contained in D whose only 
possible diagonals are {(x4, xl ), (x l, x4), (x0,xl)}. We will prove that (x4, x l ) ~ A(D) 
and (xl,x4)~A(D), so the only possible diagonal of 7 is (xo,xl), which contradicts the 
hypothesis of Theorem 2.3. 
First (x4,xl)~A(D). By contradiction, if (xa,xl)EA(D), then (x4,xj,x2,x4) is a di- 
rected triangle with two asymmetrical rcs, contradicting the hypothesis of Theorem 2.3. 
If (xl,x4)~A(D), then (x4,xo,xl,x4) is a directed triangle with an asymmetrical rc, 
namely (xo,xl), contradicting the hypothesis of Theorem 2.3. [] 
As a direct consequence of Theorem 2.3, we have 
Theorem 2.4. Let D be a digraph with 0(D)~<3, but without directed cycles of length 
3. I f  every directed cycle of length 5 has two diagonals, then D is a kernel-perfect 
digraph. 
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Theorem 2.3 proves the following interesting conjecture in case that 0(D)~<3 and 
D has no directed triangles. 
Conjecture 1 (11. MeynieL 1976). Let D be a digraph. If every directed cycle of odd 
length contained in D possesses two diagonals, then D is a kernel-perfect digraph. 
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